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1. Introduction

Numeracy is a foundational capability that shapes learning, economic participation, and informed
citizenship across the life course (Gal et al,, 2020; Reder et al,, 2020). In the primary years it is especially
consequential: the mathematical competencies children build in the early grades form the platform on which all
later mathematics rests (Bjérklund et al., 2020). Longitudinal evidence consistently shows that early numeracy
and number sense predict mathematics achievement years later (Aunio etal., 2020; Jordan et al., 2022; Salminen
et al, 2021), and that gaps present at school entry tend to widen rather than close (Chang, 2023; Ersan &
Rodriguez, 2020). Conversely, weak early numeracy constrains later access to science- and technology-intensive
pathways, making its timely, accurate identification a matter of both educational quality and equity (Aunio et
al,, 2020). Helping every child become mathematically proficient is therefore a central goal of primary education
and an explicit policy priority in many systems, including Indonesia, where the Kurikulum Merdeka and the
national Minimum Competency Assessment foreground numeracy and higher-order thinking (Hidayah et al,,
2021; Purnomo et al., 2022; Rohmah et al,, 2022; Tanudjaya & Doorman, 2020).

Crucially, mathematical proficiency is more than computation. The widely adopted framework of
Kilpatrick et al. (2001) conceptualises it as five interwoven strands conceptual understanding, procedural
fluency, strategic competence, adaptive reasoning, and productive disposition of which the first four are
cognitive and assessable through performance. Contemporary curricula echo this breadth, reframing
mathematics learning around reasoning, problem solving, and the wider 21st-century competencies (Drake &
Reid, 2020; Yayuk et al,, 2020), and stressing that strategic and reasoning-oriented capabilities, not procedures
alone, distinguish proficient learners (Copur-Gencturk & Doleck, 2021). These higher-order strands, however,
are also the hardest to assess: they must be elicited through open, cognitively demanding tasks and are
frequently proxied or displaced by easier-to-score computation, so that what is measured can drift from what is
valued. Because the strands are mutually reinforcing, a balanced account of a child’s proficiency requires valid
evidence on all four cognitive strands rather than on computation alone.
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This ambition has sharpened the demand for high-quality assessment. The disruption of the COVID-19
pandemic eroded foundational numeracy and widened achievement gaps (Conto et al,, 2021; Gore et al,, 2021),
intensifying the need for instruments that can diagnose where children stand and monitor recovery. At the same
time, assessment is rapidly digitalising, with computer-based, game-based, and adaptive formats and, most
recently, artificial-intelligence-mediated tools entering primary mathematics (Alabdulaziz, 2021; Benavides-
Varela et al,, 2020; Kasneci et al, 2023; Wang et al,, 2022; Zhang et al,, 2025). These developments raise, rather
than lower, the bar for measurement: a score is only as useful as the validity and reliability of the instrument
that produced it (Messick, 1995). For the four cognitive strands specifically, this means instruments whose
internal structure recovers the intended constructs, whose scores are consistent across items and where rubric
scoring is used across raters, and whose content is demonstrably aligned with the proficiency framework.

Yet whether existing instruments meet these requirements is unclear, because the measurement of
mathematical proficiency in primary school has not been systematically and critically appraised. Prior syntheses
have been valuable but partial: they have catalogued early-numeracy screeners used within intervention studies
(Akther & Powell, 2025) or summarised the predictive validity of curriculum-based measures (Park et al,, 2024),
rather than examining how the full four-strand construct is operationalised at the item level and how strong the
underlying psychometric evidence is. Methodological advances now make such an appraisal feasible:
dimensionality can be evaluated with bifactor and higher-order models that respect the interdependence of
mathematical abilities (Pokropek etal., 2022), and consensus standards such as COSMIN provide a transparent
basis for grading measurement-property evidence and reporting reviews of measurement instruments (Elsman
et al, 2024; Gagnier et al, 2021; Mokkink et al., 2024). Applying this lens to primary-mathematics assessment
would reveal which strands are well measured, which are neglected, and where the evidence base is fragile
information that is essential both for selecting instruments and for designing new ones. Without it, instrument
choice rests on face validity, and inferences about children’s proficiency together with the instructional and
policy decisions that follow may stand on unstable foundations.

The present study addresses this gap through a systematic review of the measurement properties of
instruments assessing mathematical proficiency operationalised as Kilpatrick's four cognitive strands in
primary-school students. Synthesising the evidence is intended to inform the evidence-based development of
robust, curriculum-aligned instruments, an aim of direct relevance to assessment reform in contexts such as
Indonesia. Three questions guide the review. The first asks what instruments are used to measure mathematical
proficiency, or its cognitive strands, in primary-school students, and what formats and scoring schemes these
instruments employ. The second asks how each of the four cognitive strands is operationalised at the item level,
and which strands are most and least represented across the corpus. The third asks what measurement
properties are reported for these instruments and how methodologically sound that evidence is. Taken together,
the three questions move from describing the available instruments, to examining the fidelity with which they
represent the four-strand construct, to appraising the strength of the psychometric evidence that supports their
use.

2. Method

2.1. Review Design and Reporting

This study is a systematic review of measurement properties that synthesises how mathematical
proficiency and its four cognitive strands defined by Kilpatrick et al. (2001): conceptual understanding,
procedural fluency, strategic competence, and adaptive reasoning is operationalised and measured in primary-
school students. The review followed the COSMIN (COnsensus-based Standards for the selection of health
Measurement INstruments) methodology for systematic reviews of outcome measurement instruments
(Prinsen etal,, 2018) and is reported in accordance with the Preferred Reporting Items for Systematic Reviews
and Meta-Analyses (PRISMA 2020) statement (Page et al., 2021). A protocol specifying the objectives, eligibility
criteria, search strategy, and analysis plan was defined a priori following PRISMA-P (Moher et al,, 2015) and is
available from the authors. Because the included instruments are performance-based achievement tests rather
than patient-reported measures, COSMIN was used as the appraisal framework while construct validity was
interpreted within the unified validity perspective of Messick (1995) and the Standards for Educational and
Psychological Testing (American Educational Research Association [AERA], American Psychological Association
[APA], & National Council on Measurement in Education [NCME], 2014).

2.2. Eligibility Criteria

Eligibility followed a Construct-Population-Instrument frame. Studies were included if they (i) measured
mathematical proficiency or at least one of its four cognitive strands, or a directly mappable construct (e.g.,
number sense, numeracy, mathematical reasoning, or fraction understanding); (ii) sampled primary-school
students (grades 1-6; ages 6-12), with multi-grade samples eligible when at least 50% of participants fell within
this range; (iii) employed a mathematics achievement test or task-based assessment; and (iv) developed or
evaluated at least one measurement property content validity, structural validity, internal consistency,
reliability, measurement invariance, criterion validity, hypotheses testing, or responsiveness or reported
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classical item analysis, Rasch, or item-response-theory modelling. Intervention and media-development studies
that merely used a test without reporting measurement evidence, and constructs outside the four cognitive
strands (e.g., affect, creativity, computational thinking), were excluded. Only peer-reviewed journal articles and
reviews published in English between 2010 and 2026 were considered. The full criteria are summarised in Table
1.

Table 1. Inclusion and Exclusion Criteria

Parameter Inclusion Exclusion

Construct Mathematical proficiency or 21 of the four Kilpatrick  Affective constructs; creativity/originality;
cognitive strands; mappable constructs (number computational thinking; non-curricular
sense, numeracy, reasoning, fractions) neurocognitive measures

Population Primary grades 1-6 (ages 6-12); multi-grade Preschool, secondary, undergraduate,
samples with 250% in range teachers; exclusively clinical samples

Instrument Mathematics achievement test or task-based Self-report attitude scales; process
assessment observation without achievement scores

Measurement Develops/evaluates =1 measurement property, or Intervention or media studies using a test

focus reports item analysis / Rasch / IRT without measurement evidence

Publication Peer-reviewed article or review; English; 2010- Conference abstracts, books/chapters,

2026 editorials; non-English

2.3. Information Sources and Search Strategy

Two databases were searched on April 2026: Scopus and the Web of Science Core Collection. These two
databases were selected because they are the most comprehensive, curated, multidisciplinary citation indexes
for peer-reviewed research and are the sources most commonly used in systematic reviews of measurement
instruments. The query combined three conceptual blocks with the Boolean operator AND: (A) Construct
(mathematical-proficiency and strand terms), (B) Population (primary-school terms), and (C) Measurement
(instrument terms intersected with a measurement-property filter adapted from Terwee et al, 2009). The
2010-2026 window was chosen to capture a full decade of psychometric work while remaining current. After
applying language (English) and document-type (article, review) limits, the search returned 453 records in
Scopus and 317 in Web of Science (Table 2). The complete Boolean strings executed in each database are
reported below.

Scopus (TITLE-ABS-KEY): (TITLE-ABS-KEY ("mathematical proficiency” OR "mathematics proficiency” OR
"mathematical competence" OR "conceptual understanding” OR "procedural fluency" OR "strategic competence”
OR "adaptive reasoning” OR "mathematical reasoning” OR "mathematical problem solving" OR "mathematical
literacy” OR "number sense” OR numeracy OR "fraction*") AND TITLE-ABS-KEY ( "primary school" OR
"elementary school" OR "primary education" OR "elementary education” OR "primary student*" OR "elementary
student*" OR "primary pupil*" OR "elementary pupil*" OR "grade 1" OR "grade 2" OR "grade 3" OR "grade 4" OR
"grade 5" OR "grade 6" OR "fifth grade*" OR "fourth grade*" OR "key stage 1" OR "key stage 2" ) AND TITLE-ABS-
KEY ( (instrument OR test OR assessment OR scale OR measure OR rubric OR questionnaire OR inventory ) AND
( valid* OR reliab* OR "measurement propert*" OR psychometric* OR "Rasch"” OR "item response theory" OR
"IRT" OR "factor analysis” OR "internal consistency” OR "Cronbach” OR "inter-rater” OR "interrater” OR "content
validity" OR "construct validity" OR "criterion validity" OR "structural validity" OR responsiveness OR "item
analysis" OR "difficulty index" OR "discrimination index" OR calibration OR "Aiken" ) ) ) AND PUBYEAR > 2009
AND (LIMIT-TO (DOCTYPE, "ar" ) OR LIMIT-TO ( DOCTYPE, "re") ) AND ( LIMIT-TO ( LANGUAGE, "English") ).

Web of Science Core Collection (TS = Topic; years 2010-2026; document types Article or Review; language
English): TS = (("mathematical proficiency" OR "mathematics proficiency” OR "mathematical competence" OR
"conceptual understanding” OR "procedural fluency” OR "strategic competence" OR "adaptive reasoning" OR
"mathematical reasoning” OR "mathematical problem solving" OR "mathematical literacy” OR "number sense"
OR numeracy OR fraction*) AND ( "primary school” OR "elementary school” OR "primary education” OR
"elementary education” OR "primary student*" OR "elementary student*" OR "primary pupil*" OR "elementary
pupil*" OR "grade 1" OR "grade 2" OR "grade 3" OR "grade 4" OR "grade 5" OR "grade 6" OR "fifth grade*" OR
"fourth grade*" OR "key stage 1" OR "key stage 2" ) AND ( ( instrument OR test OR assessment OR scale OR
measure OR rubric OR questionnaire OR inventory ) AND ( valid* OR reliab* OR "measurement propert*" OR
psychometric* OR Rasch OR "item response theory” OR IRT OR "factor analysis" OR "internal consistency” OR
Cronbach OR "inter-rater" OR interrater OR "content validity" OR "construct validity" OR "criterion validity" OR
"structural validity" OR responsiveness OR "item analysis" OR "difficulty index" OR "discrimination index" OR
calibration OR Aiken ) ) ).
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Table 2. Search Strategy Summary

Element Detail
Databases Scopus; Web of Science Core Collection
Date searched April 2026
Block A Construct ~ “mathematical proficiency”, “conceptual understanding”, “procedural fluency”, “strategic
competence”, “adaptive reasoning”, “mathematical reasoning”, “number sense”, numeracy,
fraction*
Block B “primary school”, “elementary school”, “grade 1”-“grade 6”, “key stage 1/2”
Population
Block C (instrument OR test OR assessment OR scale OR rubric) AND (validity OR reliability OR
Measurement psychometric* OR Rasch OR “item response theory” OR “factor analysis” OR “item analysis” OR
Aiken ...)
Limits English; document type article or review; 2010-2026

Records retrieved  Scopus 453; Web of Science 317 (total 770)

2.4. Study Selection

The 770 records were exported and deduplicated by normalised digital object identifier and normalised
title, removing 194 duplicates and leaving 576 unique records. Two reviewers independently screened titles
and abstracts against the eligibility criteria; disagreements were resolved through discussion with a third senior
reviewer, and inter-rater agreement was quantified with Cohen’s k¥ (McHugh, 2012). Fifty-six reports were
sought for full-text retrieval, of which seven could not be obtained. The remaining 49 full-text reports were
assessed; nine were excluded (intervention/effectiveness or media development, n = 5; construct outside the
four strands, n = 3; correlational design with the instrument as a secondary measure, n = 1), yielding 40 studies
for synthesis. The selection process is depicted in Figure 1.
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Figure 1. PRISMA 2020 Flow Diagram

2.5. Data Extraction and Quality Appraisal

Data were charted with a piloted extraction form capturing study and design characteristics, sample (size,
grade, country), instrument (name, format, item count, scoring), the item-level operationalisation of each
Kilpatrick strand, and all reported measurement properties with their statistics. Extraction was performed by
one reviewer and verified by a second on a 20% random sample. Methodological quality was appraised per
measurement property with the COSMIN Risk of Bias checklist (Mokkink et al., 2018), and results were rated
against the COSMIN criteria for good measurement properties (Prinsen et al, 2018; Terwee et al.,, 2018), using
the COSMIN taxonomy of measurement properties (Mokkink et al., 2010). Given the heterogeneity of constructs,
instruments, and designs, the evidence was synthesised narratively rather than meta-analytically; findings were
organised around (i) the instruments and formats used, (ii) the coverage and item-level operationalisation of
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the four cognitive strands, and (iii) the breadth and methodological quality of the reported measurement
properties.

3. Results and Discussion

3.1. Study Characteristics

The 40 included studies originated from 22 countries, four of which involved international collaboration.
The United States contributed the largest share (n = 7), followed by China (n = 4) and by Indonesia and Thailand
(n = 3 each); the remaining studies were spread thinly across Europe, Asia, Africa, and Latin America, most
contributing only a single study (Figure 2b). This concentration of evidence in a few settings, coupled with the
predominance of single-study countries, signals limited cross-context replication of any one instrument.
Publication output spanned 2010-2026 and rose over the period 17 studies (43%) appeared in 2022 or later,
with a marked peak of nine studies in 2019 and a further rise to seven in 2025 (Figure 2a) signalling a sustained
and intensifying interest in the measurement of primary-school mathematical proficiency. Sample sizes varied
by two orders of magnitude, from 91 pupils (Howard etal., 2017) to 18,405 (Hellstrand et al., 2024), and several
studies drew on large, population-level samples (e.g., Bellini et al,, 2019, N = 2,935; Nezhnov et al,, 2015, N =
2,216; Gokge etal, 2023, N = 2,034; Miao etal,, 2022, N = 2,642).

(a) Publications per year (b) Studies by country/region
10
UsA 7
China 4
Indonesia 3
Thailand 3
Spain NN 2
Belgium | 2
Finland |IENEG— 2
Germany I 2
Taiwan [
Australia |IE—N1
Kenya |IEEN 1
Switzerland [ 1
Mexico [ 1
Slovenia (I 1
Turkiye |E—1
France NN 1
Hungary IS 1
Russia [N 1
UK [E—— 1
Italy [— 1
Cyprus |l 1
Metherlands [N 1

Number of studies

A d S D A B oAk e e a 1 2 3 4 5 6 7 8
S R A I U LU
R N Number of studies

BT A
Publication year

Figure 2. Temporal and Geographic Distribution

Across the corpus, every primary grade band was represented, although coverage was densest at the
upper-primary level (grades 4-6) and comparatively thin in the earliest grades. Several instruments spanned
the boundaries of primary schooling reaching down into kindergarten (Hirsch et al.,, 2018; Van Norman et al,,
2026; Park etal., 2024) or up into lower secondary (Hellstrand etal., 2024, grades 3-9) and were retained under
the pre-specified rule that at least half of the sampled participants fell within grades 1-6.

In terms of design, the corpus was dominated by instrument-development and cross-sectional validation
studies; a smaller number were diagnostic-accuracy or longitudinal-predictive studies (e.g., Hirsch et al,, 2018;
Van Norman et al.,, 2026), and two were syntheses of existing measures (Akther & Powell, 2025; Park et al,,
2024). Most instruments were researcher-developed rather than commercially standardised, which is
consistent with the review’s focus on the development and evaluation of measurement properties. The analytic
approaches were dominated by the Rasch and item-response-theory (IRT) family, which appeared in the
majority of studies that reported structural validity, whereas factor-analytic methods were largely confined to
scales and questionnaires. Three studies were conducted in Indonesia (Ahyan et al,, 2025; Diputra et al., 2025;
Yanti et al,, 2026) the national context most relevant to the present programme of work each developing a test
aligned to the national numeracy or curriculum framework. Full characteristics of the 40 studies are presented
in Table 3.
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Table 3. Characteristics of the 40 Included Studies

Study Country N Grade Instrument Strand(s) Key measurement evidence
Ahyan etal. (2025) Indonesia participants + 12 primary Numeracy test — Rasch/IRT, reliability, content
raters
Akther & Powell USA 61 studies preschool-Grade 2 Early numeracy screeners/pretests  CU, PF (synthesis)
(2025)
Baltetal. (2020) Germany 101 Grade 1 MARKO-D + Learning Progress cu Rasch/IRT, invariance
Assessment
Bellini etal. (2019) Switzerland 2,935 Grade 4 Mathematical Competence Scale (6  CU, PF Rasch/IRT, content
domains)
Brankaer et al. Belgium 1,588 Grades 1-6 SYMP Test (paper-pencil) CU reliability
(2017)
Burte et al. (2019) USA 132-88 (adults) + primary 10-12 yr Make-A-Dice Test AR reliability
primary
Chaiarwut etal. Thailand 330 (EFA) + 1,916 Grade 4-6 Executive Maths Problem-Solving SC, AR o, EFA/CFA
(2025) (CFA) (self-assess.)
Chen etal. (2017) China 1,207 Grade 3-5 Number sense + rule-space model CU Rasch/IRT
de Leén etal. (2021)  Spain 236 Grade 3 M-CBM IPAM (number sense) CU, PF, SC EFA/CFA, AUC/ROC
Diputra etal. (2025) Indonesia 220 Grade 5 Mathematical proficiency test + CU, PF, SC, AR EFA/CFA
questionnaire
Diaz-Cardenas et al. Mexico primary classes primary Fraction multiplication/division CU, PF o, EFA/CFA, Rasch/IRT
(2019) assessment
Gokge etal. (2023) Tirkiye 2,034 Grade 2-4 Number sense tests with anchor cu invariance
items
Hakkarainen et al. Finland 358 Grade 3,5,7 FUNA-DB dyscalculia screener CU, PF o, EFA/CFA, reliability, invariance
(2025)
Hellstrand et al. Finland 18,405 Grade 3-9 FUNA-DB dyscalculia screener CU, PF EFA/CFA, AUC/ROC, invariance
(2024)
Hirsch et al. (2018) Netherlands/ 1,728 Kindergarten—Grade Basic numerical competences cu o, EFA/CFA
Germany 6
Howard etal. (2017)  Australia 91 Grade 2 NAPLAN numeracy subtest (Rasch)  PF, SC Rasch/IRT
Jiang et al. (2021) China 310 Grade 6 Fraction subconstructs test CU Rasch/IRT
Jones etal. (2019) United Kingdom 188 Year 5 Comparative judgement CcuU «, reliability
(conceptual underst.)
Karika & Csikos Hungary 124 Grade 5 Simple-fractions understanding (6{8) o
(2022) test
Kattou etal. (2013) Cyprus 359 Grade 4-6 Mathematical Ability + Creativity (6{8) o, EFA/CFA, content
test
Khontee & Poonputta  Thailand 530 Grade 6 Mathematical Reasoning Ability AR KR-20, o, EFA/CFA, content
(2025) Test
Kosko (2019) USA 196 Grade 4-5 Multiplicative Reasoning SC, AR Rasch/IRT

Assessment
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Study Country N Grade Instrument Strand(s) Key measurement evidence
Lee & Lembke USA ~300/grade K-Grade 3 CBM early numeracy/maths CU, PF, SC a, reliability
(2016)
Li & Yang (2010) Taiwan ~1,200+; retest 228 Grade 5 Computer-administered Number cu EFA/CFA, reliability
Sense Scale
Marwiang et al. Thailand 520 Grade 5-6 Maths Problem-Solving Skill SC, AR o, Rasch/IRT
(2017) framework
Mejias et al. (2019) France/ Luxembourg 346 Grade 1 Mathematical School Readiness CU, PF —
test
Miao et al. (2022) China 2,642 Grade 5-6 Rational numbers & proportional SC, AR Rasch/IRT
reasoning
Morra et al. (2019) Italy 779 preschool-Grade 5 Quantitative Central Conceptual cu —
Structures
Nezhnov et al. (2015)  Russia 2,216 Grade 4 SAM-Math CU, PF Rasch/IRT
Park et al. (2024) USA 22 studies / 4,130 preschool-Grade 1 Early Numeracy CBM CU, PF — (meta-analysis)
participants
Rodrigues et al. USA 411/362/304 Grade 4-6 Fraction measures (screener) CU, PF AUC/ROC
(2019)
Rodriguez-Segura & Kenya 2,644 Grade 3,5, 6 Phone-based numeracy PF, SC o, Rasch/IRT
Schueler (2022) assessment
Schadl & Lindmeier Germany 147 Grade 5 Digital SMDS & PRS (fraction prior PF, SC, AR Rasch/IRT
(2025) knowledge)
Sanchez-Barbero et Spain 318 Grades 1-6 Reversibility-of-thought scale SC, AR o, EFA/CFA, content
al. (2022) (word problems)
Van Hoof et al. Belgium grade 4 + multi-grade Grade 4 Natural-number-bias / rational- CU, AR EFA/CFA, Rasch/IRT
(2015) number test
Van Norman et al. USA 211 (K) + 79 (G1) Kindergarten + Grade Early-math CBM vs CAT (i-Ready) CU, PF reliability
(2026) 1
Vidmar et al. (2017) Slovenia/ Germany 468 + 328 school entry ~6 yr + PIPS (literacy + numeracy) PF, SC EFA/CFA, reliability, invariance
G1-2
Yang (2019) Taiwan 819 Grade 5 Three-Tier Number Sense Test CU, AR o, content
Yanti et al. (2026) Indonesia 500 Grade 4 Word-problem-solving instrument  SC, AR Rasch/IRT, invariance, content
Yuan et al. (2022) China 817 Grade 5 Fraction-operations test PF Rasch/IRT

Note. CU = conceptual understanding; PF = procedural fluency; SC = strategic competence; AR = adaptive reasoning; CBM = curriculum-based measurement; CAT = computer-adaptive test; EFA/CFA =

exploratory/confirmatory factor analysis; IRT = item-response theory; AUC/ROC = area under the receiver-operating-characteristic curve; a = Cronbach’s alpha; KR-20 = Kuder-Richardson 20. “—

denotes no quantitative measurement-property statistic extracted (e.g., evidence syntheses).

© 2026 The Author(s)

This is an Open Access article under the Creative Commons Attribution-ShareAlike 4.0 International License

ISSN: 2797-3174

»


https://creativecommons.org/licenses/by-sa/4.0/
https://portal.issn.org/resource/ISSN/2797-3174

Jurnal Pembelajaran, Bimbingan, dan Pengelolaan Pendidikan, 7(2), 2027, 11

3.2. Instruments and Assessment Formats

The corpus encompassed a broad range of instruments. The most common were curriculum-based
measures (CBMs) of early numeracy and arithmetic (Lee & Lembke, 2016; de Ledn et al,, 2021; Park et al.,, 2024;
Rodrigues et al, 2019; Van Norman et al,, 2026) and number-sense tests or scales (Brankaer et al,, 2017; Li &
Yang, 2010; Yang, 2019; Gokge et al.,, 2023; Chen et al., 2017; Mejias et al,, 2019). A second cluster comprised
fraction- and rational-number tests (Jiang et al, 2021; Karika & Csikos, 2022; Yuan et al,, 2022; Schadl &
Lindmeier, 2025; Van Hoof et al.,, 2015; Diaz-Cdrdenas et al, 2019), while a third addressed mathematical
reasoning and problem solving (Kosko, 2019; Miao et al,, 2022; Khontee & Poonputta, 2025; Marwiang et al,,
2017; Yanti et al, 2026; Sanchez-Barbero et al, 2022). A smaller set targeted integrated proficiency or
competence (Bellini et al, 2019; Nezhnov et al, 2015; Diputra et al, 2025) and diagnostic screeners for
mathematical learning difficulties (Hakkarainen et al., 2025; Hellstrand et al., 2024).

Response formats were equally varied. Beyond conventional multiple-choice and open-ended items, the
corpus included timed CBM probes (Lee & Lembke, 2016), three-tier items combining an answer, a reason, and
a confidence rating (Yang, 2019), comparative-judgement assessment (Jones et al, 2019), a self-assessment
questionnaire (Chaiarwut et al, 2025), and several digital or online formats, including a phone-based
assessment administered during school closures (Rodriguez-Segura & Schueler, 2022) and computer-
administered or item-response-driven tests (Li & Yang, 2010; Schadl & Lindmeier, 2025). The content focus was
concentrated on a few curricular domains number sense, whole-number operations, and fractions or rational
numbers reflecting their foundational role in primary mathematics; fractions alone were the explicit target of
seven instruments, while whole-number operations and place value featured prominently across the
curriculum-based measures. Notably, formats designed to capture higher-order reasoning or conceptual
understanding rather than answer accuracy alone were comparatively rare: the three-tier test (Yang, 2019),
comparative judgement (Jones et al,, 2019), the mixed multiple-choice-and-essay design analysed with many-
facet Rasch measurement (Ahyan et al., 2025), and the open-ended tasks scored with a partial-credit model
(Marwiang et al, 2017) were the principal exemplars. Overall, most instruments measured number sense,
numeracy, or fractions, and few were designed to assess mathematical proficiency as an integrated, multi-strand
construct.

3.3. Operationalisation of the Four Cognitive Strands

Coverage of the four Kilpatrick strands was markedly uneven (Figure 3a). Conceptual understanding was
operationalised most frequently, in 26 of the 40 studies (65%), typically through number sense, fraction
understanding, or conceptual numerical knowledge (e.g., Brankaer et al,, 2017; Jiang et al,, 2021; Yang, 2019;
Balt et al., 2020). Procedural fluency appeared in 18 studies (45%), usually as arithmetic fluency, number
processing, or computation (e.g.,, Hellstrand et al., 2024; Lee & Lembke, 2016; Yuan et al,, 2022). Strategic
competence was operationalised in 13 studies (33%), predominantly via mathematical word problems and
problem-solving tasks (e.g., Marwiang et al,, 2017; Yanti et al,, 2026; de Leén et al,, 2021). Adaptive reasoning
was the least represented strand, explicit in only 12 studies (30%); where it was assessed, it took the form of
multiplicative reasoning (Kosko, 2019), proportional reasoning (Miao et al,, 2022), a dedicated mathematical-
reasoning-ability test (Khontee & Poonputta, 2025), the reasoning tier of a three-tier instrument (Yang, 2019),
or rational-number reasoning (Van Hoof et al, 2015). The strands also tended to co-occur in predictable
pairings: conceptual understanding and procedural fluency were frequently assessed together within number-
sense and fraction instruments, whereas strategic competence and adaptive reasoning co-occurred within
problem-solving and reasoning instruments, mirroring the conceptual proximity of these strand pairs. The
scoring of strands likewise differed systematically: conceptual understanding and procedural fluency were most
often scored dichotomously and analysed with Rasch/IRT models, whereas strategic competence and adaptive
reasoning being elicited through open-ended or justification tasks more often required polytomous, rubric-
based scoring (e.g., the partial-credit scoring of Marwiang etal., 2017), which in turn raises the question of inter-
rater consistency addressed. Table 4 synthesises, for each strand, its typical operationalisation, the predominant
item format and scoring, and the complete set of studies that operationalised it.
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Table 4. Operationalisation of the Four Cognitive Strands, With All Studies Measuring Each Strand

Strand Typical Predominant format  Studies

operationalisation & scoring

Conceptual Number sense; Multiple-choice or Akther & Powell (2025); Balt et al. (2020); Bellini
understanding fraction and part- short-answer; etal. (2019); Brankaer et al. (2017); Chen etal.
(Cu) whole mostly (2017); de Leén et al. (2021); Diputra et al.

understanding; dichotomous; (2025); Diaz-Cardenas etal. (2019); Gokee et al.

conceptual some multi-tier (2023); Hakkarainen et al. (2025); Hellstrand et

numerical al. (2024); Hirsch etal. (2018); Jiang et al.

knowledge; (2021); Jones et al. (2019); Karika & Csikos

representation (2022); Kattou et al. (2013); Lee & Lembke
(2016); Li & Yang (2010); Mejias et al. (2019);
Morra et al. (2019); Nezhnov et al. (2015); Park
etal. (2024); Rodrigues et al. (2019); Van Hoof
etal. (2015); Van Norman et al. (2026); Yang
(2019)

Procedural Arithmetic fluency; Timed; dichotomous  Akther & Powell (2025); Bellini et al. (2019); de

fluency (PF) number processing; Ledn et al. (2021); Diputra etal. (2025); Diaz-

computation; Cérdenas et al. (2019); Hakkarainen et al.

fraction operations (2025); Hellstrand et al. (2024); Howard et al.
(2017); Lee & Lembke (2016); Mejias et al.
(2019); Nezhnov et al. (2015); Park et al.
(2024); Rodrigues et al. (2019); Rodriguez-
Segura & Schueler (2022); Schadl & Lindmeier
(2025); Van Norman et al. (2026); Vidmar et al.
(2017); Yuan etal. (2022)

Strategic Contextual word- Open-ended; Chaiarwut et al. (2025); de Leén et al. (2021);
competence problem solving; polytomous / Diputra etal. (2025); Howard et al. (2017);
(SQ) mathematical rubric Kosko (2019); Lee & Lembke (2016); Marwiang

modelling etal. (2017); Miao et al. (2022); Rodriguez-
Segura & Schueler (2022); Schadl & Lindmeier
(2025); Sanchez-Barbero et al. (2022); Vidmar
etal. (2017); Yanti etal. (2026)

Adaptive Justification; Open-ended or Burte et al. (2019); Chaiarwut et al. (2025);
reasoning multiplicative and reason-tier; Diputra etal. (2025); Khontee & Poonputta
(AR) proportional polytomous / (2025); Kosko (2019); Marwiang et al. (2017);

reasoning; rubric Miao et al. (2022); Schadl & Lindmeier (2025);
evaluation of Sénchez-Barbero et al. (2022); Van Hoof et al.
solutions (2015); Yang (2019); Yanti et al. (2026)

Critically, only one study operationalised all four cognitive strands within a single instrument: Diputra et

al. (2025) administered a 12-item test (scored 0-3) to 220 fifth-grade pupils to capture conceptual
understanding, procedural fluency, strategic competence, and adaptive reasoning. However, its exploratory
factor analysis (Kaiser-Meyer-0lkin = 0.762) yielded only two factors, with conceptual understanding and
procedural fluency collapsing together, indicating that the four strands were not empirically separable at that

item density. By contrast, studies that successfully recovered an intended internal structure did so by aligning

items to a theory-based hierarchy and validating it with Rasch modelling: Nezhnov et al. (2015) designed the
SAM-Math test in blocks of three items per mastery level (procedural, conceptual, and functional) and confirmed
the hierarchy through item difficulty ordering; Marwiang et al. (2017) anchored open-ended tasks to a four-
level progress map; and Balt et al. (2020) drew five items per developmental level from a calibrated item pool.
These patterns indicate that recovering distinct strands or levels depends less on covering all strands than on a
sufficient number of theory-aligned items per target and an appropriate measurement model.
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Figure 3. Coverage of (a) the Four Cognitive Strands and (b) Reported Measurement Properties

3.4. Reported Measurement Properties and Methodological Quality

The breadth of reported measurement properties was likewise uneven (Figure 3b); Table 5 complements
that overview by pairing each property with the methods most often used, representative values, and the
complete set of studies reporting it. Structural validity was the most frequently reported property, in 27 studies
(68%), and constituted the methodological strength of the corpus. It was dominated by the Rasch/IRT family
rather than by factor-analytic modelling of the strand structure: applications included many-facet Rasch
measurement, which simultaneously models item difficulty and rater severity (Ahyan et al.,, 2025); the partial-
credit model for polytomous, open-ended responses (Marwiang et al., 2017); cognitive-diagnostic models such
as the rule-space model (Chen et al,, 2017) and the hierarchical diagnostic classification model (Yuan et al.,
2022); and the mixture Rasch model for latent classes (Miao et al.,, 2022). Exploratory and confirmatory factor
analysis were used mainly for scales and questionnaires—for instance, a two-factor structure for the dyscalculia
screener (Hakkarainen et al,, 2025; Hellstrand et al., 2024), a five-factor structure for early numeracy (Hirsch et
al,, 2018), a second-order model of mathematical ability (Kattou et al,, 2013), and an EFA-to-CFA validation of
an executive problem-solving questionnaire (Chaiarwut et al.,, 2025) in which six factors explained 76% of the
variance and the confirmatory model fitted well.

Table 5. Reported Measurement Properties with Representative Evidence and All Studies Reporting

Each Property

Measurement Typical Representative Studies

property method(s) values / criteria

Structural Rasch/IRT, Acceptable item fit; Ahyan et al. (2025); Balt et al. (2020); Bellini et al.

validity many-facet CFI=1.00, (2019); Chaiarwut et al. (2025); Chen et al. (2017); de

Rasch, partial- RMSEA =.000 Ledn et al. (2021); Diputra etal. (2025); Diaz-

credit, (Khontee & Cardenas et al. (2019); Hakkarainen et al. (2025);

cognitive- Poonputta, 2025); Hellstrand et al. (2024); Hirsch et al. (2018); Howard

diagnostic two-factor etal. (2017); Jiang etal. (2021); Kattou et al. (2013);

models; solution Khontee & Poonputta (2025); Kosko (2019); Li &

EFA/CFA for (Hakkarainen et Yang (2010); Marwiang etal. (2017); Miao etal.

scales al, 2025) (2022); Nezhnov et al. (2015); Rodriguez-Segura &
Schueler (2022); Schadl & Lindmeier (2025);
Sanchez-Barbero et al. (2022); Van Hoof et al. (2015);
Vidmar et al. (2017); Yanti et al. (2026); Yuan et al.
(2022)

Internal Cronbach’s «; o =0.73-0.95; KR- Burte et al. (2019); Chaiarwut et al. (2025); Diaz-
consistency KR-20 20=0.92/0.95 Cardenas et al. (2019); Hakkarainen et al. (2025);

Hirsch et al. (2018); Jones et al. (2019); Karika &
Csikos (2022); Kattou et al. (2013); Khontee &
Poonputta (2025); Lee & Lembke (2016); Li & Yang
(2010); Marwiang et al. (2017); Rodriguez-Segura &
Schueler (2022); Sdnchez-Barbero et al. (2022); Van
Norman etal. (2026); Yang (2019)

Criterion validity = ROC/AUC; AUC = 0.80-0.85 Ahyan et al. (2025); Balt et al. (2020); Brankaer et al.
concurrent (2017); de Leén et al. (2021); Hellstrand etal. (2024);
correlation Hirsch et al. (2018); Jones et al. (2019); Lee & Lembke

(2016); Nezhnov et al. (2015); Park et al. (2024);
Rodrigues et al. (2019); Rodriguez-Segura & Schueler
(2022); Van Norman et al. (2026); Vidmar et al.
(2017)
Reliability (test-  Test-retestr; r 2.70; alternate- Ahyan etal. (2025); Brankaer et al. (2017); Burte etal.
retest / inter- alternate- form 0.62-0.99 (2019); Hakkarainen et al. (2025); Jones et al. (2019);
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Measurement Typical Representative Studies
property method(s) values / criteria
rater / form; rater- Lee & Lembke (2016); Li & Yang (2010); Van Norman
alternate- severity facet etal. (2026); Vidmar et al. (2017)
form) (MFRM)
Content validity Expert review; 10C = 0.60-1.00 Ahyan et al. (2025); Bellini et al. (2019); Kattou et al.
Aiken’s V; (2013); Khontee & Poonputta (2025); Sdnchez-
item-objective Barbero et al. (2022); Yang (2019); Yanti et al. (2026)
congruence
Measurement Differential item  Invariant by grade/  Baltetal. (2020); Gokge et al. (2023); Hakkarainen et al.
invariance functioning; gender/ language; (2025); Hellstrand et al. (2024); Vidmar et al. (2017);
multi-group weak invariance Yanti et al. (2026)
CFA not supported
across countries
Hypotheses Convergent / Convergent with Brankaer et al. (2017); Hakkarainen et al. (2025);
(construct) discriminant achievement; Howard et al. (2017); Morra et al. (2019); Schadl &
testing correlations discriminant with Lindmeier (2025); Yang (2019)
literacy
Responsiveness — Not established in —
any included
study

Internal consistency was reported in 16 studies (40%), with coefficients ranging from a = 0.73 (Hirsch et
al, 2018) to a = 0.948 (Karika & Csikos, 2022); other strong values included a = 0.83 for a partial-credit problem-
solving test (Marwiang et al,, 2017), a = 0.90-0.97 across subscales of a digital screener (Hakkarainen et al,,
2025), and Kuder-Richardson coefficients of 0.92 and 0.95 for reasoning and knowledge tests (Khontee &
Poonputta, 2025). Classical item analysis complemented these indices in several test-development studies for
example, item difficulties between 0.15 and 0.80 and discrimination indices at or above 0.30 guided item
retention for a number-sense scale (Li & Yang, 2010). Criterion validity appeared in 14 studies (35%), most
often as classification accuracy for screening, with areas under the curve at or above 0.80 (de Leén et al,, 2021;
Rodrigues etal., 2019), and as concurrent comparisons against in-person standardised tests (Rodriguez-Segura
& Schueler, 2022).

By contrast, three properties were conspicuously under-reported. Reliability in the sense of test-retest,
inter-rater, or alternate-form agreement was reported in only nine studies (23%); test-retest evidence
appeared in a few instruments (Brankaer et al,, 2017; Li & Yang, 2010) and alternate-form reliability in early-
math measures (Van Norman et al,, 2026), but inter-rater reliability was almost absent, surfacing only through
the rater-severity facet of many-facet Rasch measurement (Ahyan et al,, 2025) and the scale-separation and
inter-rater estimates of comparative judgement (Jones et al., 2019). This scarcity is consequential, the strands
most dependent on rubric- or open-response scoring (strategic competence and adaptive reasoning) are
precisely those whose scores are most vulnerable to rater variability. Content validity was quantified in only
seven studies (18%), through expert review, Aiken’s V (Ahyan et al,, 2025; Yanti et al,, 2026), or the index of
item-objective congruence (Khontee & Poonputta, 2025). Measurement invariance was examined in six studies
(15%): it was supported across grade, gender, and language for a large-scale screener (Hakkarainen et al., 2025;
Hellstrand et al,, 2024) and tested through differential item functioning (Gokge et al,, 2023; Yanti et al., 2026),
but weak invariance was not supported for a school-entry instrument compared across Slovenia and Germany
(Vidmar et al., 2017), underscoring the fragility of cross-context comparability. Responsiveness the ability to
detect change over time was not formally established as a measurement property in any included study, even
where instruments were used for progress monitoring.

Considered against the COSMIN framework, the methodological quality of structural-validity evidence was
generally adequate where Rasch/IRT models were applied with acceptable fit and dimensionality checks.
However, few studies triangulated multiple properties: only a minority (e.g., Hakkarainen et al., 2025; Khontee
& Poonputta, 2025; Sdnchez-Barbero et al, 2022) reported a comprehensive battery spanning content,
structural, internal-consistency, and at least one further property. Moreover, sound structural validity did not
guarantee precise person measurement: Yanti et al. (2026) reported low person reliability (0.58, then 0.67
across two Rasch trials) for a 30-item word-problem test, demonstrating that item quantity alone does not
ensure measurement precision. The strength of structural-validity claims also varied with sample size: large
calibration samples (e.g., Bellini et al, 2019; Hellstrand et al.,, 2024; Nezhnov et al.,, 2015) supported stable
Rasch/IRT estimation, whereas several validations rested on modest samples (e.g., Howard etal.,, 2017, N =91;
Karika & Csikos, 2022, N = 124; Schadl & Lindmeier, 2025, N = 147), which constrains the precision of their
structural inferences. Read together, Figure 3b and Table 5 reveal a steep gradient: properties tied to internal
structure and score consistency are comparatively well covered, whereas those securing cross-context
comparability (invariance) and sensitivity to change (responsiveness) are largely or wholly absent a profile
characteristic of a field still concentrated on the earliest stages of instrument validation. In sum, the corpus
establishes structural validity anchored in the Rasch/IRT family as the field’s principal strength, while inter-
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rater reliability, quantified content validity, measurement invariance, and responsiveness remain its most
pronounced gaps.

3.5. Assessment delivery and digital formats

Although most instruments were administered on paper, a substantial minority were delivered in digital,
online, computer-adaptive, or telephone-based formats, reflecting the field’s gradual digitalisation. These
included the online FUNA-DB dyscalculia screener (Hakkarainen et al, 2025; Hellstrand et al, 2024), a
computer-administered number-sense scale (Li & Yang, 2010), digital fraction tests analysed with IRT (Schadl
& Lindmeier, 2025), a web-based three-tier number-sense test (Yang, 2019), a computer-adaptive test
benchmarked against curriculum-based measures (Van Norman et al.,, 2026), and a phone-based numeracy
assessment deployed during pandemic school closures (Rodriguez-Segura & Schueler, 2022). Where delivery
modes were compared, the digital format generally preserved the instrument’s psychometric properties but
introduced administration-specific considerations: phone-based scores were valid for aggregate but not
individual-level inference (Rodriguez-Segura & Schueler, 2022), and a digital fraction sub-test retained good
reliability whereas its companion proportional-reasoning sub-test required further adaptation before it
performed adequately (Schadl & Lindmeier, 2025). Digital delivery therefore expands reach and efficiency but
does not, in itself, confer measurement quality, which remained contingent on item design and the underlying
measurement model an observation of direct relevance to the development of technology-based mathematics
assessments.

3.6. Discussion

This review set out to map how mathematical proficiency and its four cognitive strands are operationalised
and measured in primary-school students, and to appraise the quality of the resulting measurement evidence.
Three findings stand out: coverage of the strands is uneven and tilts away from adaptive reasoning; the strands
are difficult to separate empirically at the item densities typically used; and the field’s measurement practice is
anchored in the Rasch/item-response-theory (IRT) family yet leaves inter-rater reliability, content validity,
measurement invariance, and responsiveness largely unexamined. We discuss each in turn and derive an
evidence-based blueprint for instrument development (Figure 4). Unlike earlier syntheses that catalogued early-
numeracy screeners (Park et al,, 2024; Akther & Powell, 2025), this review evaluates the measurement of the
full four-strand proficiency construct together with the psychometric quality of the evidence base.

1 Construct & test blueprint

* Four cognitive strands (Kilpatrick): CU - PF - SC - AR
* = 3-4 theory-aligned items per strand; context-based testlets
» Explicit adaptive-reasoning items (justify / evaluate solutions)

2 Scoring

* CU / PF: dichotomous or short-answer
* SC / AR: open-ended, analytic rubric (polytomous, 0-4)
* = 2 independent raters for rubric-scored items
Addresses the
review's three
weakest links:
inter-rater
reliability,
3 Psychometric analysis content validity,
invariance &
responsiveness
« Structural: Rasch / partial-credit / many-facet Rasch (MFRM);

model inter-strand correlation via bifactor or higher-order model
« Reliability: internal consistency + INTER-RATER (ICC / MFRM rater facet)
« Invariance across grade / gender / region (DIF)

4 Validity argument (COSMIN / Messick)

» Content validity quantified (Aiken's V / I0C) - structural -
construct (convergent / discriminant) - criterion = responsiveness
* Report the full measurement-property profile, not face validity alone

Figure 4. Blueprint for Instrument Development

3.7. An Uneven Map of the Four Strands

The dominance of conceptual understanding and procedural fluency, and the relative neglect of strategic
competence and especially adaptive reasoning, echoes a long-standing concern that most mathematics tests
address only part of the proficiency construct. Kilpatrick et al. (2001) insisted that the strands are interwoven
and mutually reinforcing, yet our corpus shows them being assessed largely in isolation, with adaptive reasoning
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explicit in fewer than a third of studies. The affective fifth strand, productive disposition, lay outside our
cognitive-measurement scope, so the imbalance documented here concerns the four cognitive strands alone and
is striking precisely because these are the strands a performance test can, in principle, capture. This imbalance
is not incidental: reasoning and strategic problem solving are intrinsically harder to elicit and score than
computation. Copur-Gencturk and Doleck (2021) describe strategic competence for multistep fraction problems
as “overlooked,” and studies that foreground reasoning typically rely on richer, more demanding designs
realistic mathematics tasks (Palinussa et al,, 2021), justification items (Kosko, 2019), or reason tiers (Yang,
2019). Where conceptual understanding is targeted, it is frequently operationalised through number sense and
fraction understanding (Copur-Gencturk, 2021; Jiang etal., 2021), domains that lend themselves to dichotomous
scoring and large-scale calibration. The practical consequence is a literature that measures the more tractable
strands well and the harder strands seldom precisely the inverse of what a balanced proficiency framework
requires.

3.8. The Dimensionality Problem

The single study that operationalised all four cognitive strands in one instrument (Diputra et al., 2025)
recovered only two factors, with conceptual understanding and procedural fluency coalescing. This is the
predictable result of two compounding pressures: the strands are theoretically interdependent, and twelve
items cannot sustain a stable four-factor solution. The measurement literature offers a constructive resolution.
Because mathematical abilities comprise a strong general dimension alongside narrower specific abilities
(Pokropek etal., 2022), bifactor and higher-order models rather than a set of orthogonal factors are better suited
to representing proficiency (Akaeze et al., 2022), provided that model fit and ancillary indices are evaluated
rigorously (Goretzko et al., 2023); indeed, the factor structure of early-mathematics constructs is itself an active
question (Purpura etal,, 2020). Equally important is item density: studies that recovered an intended structure
did so by anchoring a sufficient number of theory-aligned items to each target blocks of items per mastery level
(Nezhnov et al,, 2015) or per developmental level (Balt et al,, 2020). The implication for instrument design is
twofold: provide enough items per strand we suggest at least three to four and model the inter-strand
correlation explicitly rather than assuming separability.

3.9. Strong Structural Validity, Weak Score-Consistency Evidence

The corpus’s reliance on the Rasch/IRT family is a genuine strength: these models place persons and items
on a common scale, support unidimensionality checks, and through the partial-credit and many-facet extensions
accommodate the polytomous, rubric-scored responses that strategic competence and adaptive reasoning
demand. Yet only the many-facet Rasch application (Ahyan et al., 2025) and comparative judgement (Jones et
al,, 2019) reported inter-rater evidence, leaving the rubric-scored strands most exposed to the very source of
error they cannot ignore. Rater effects can account for a substantial share of score variance, and many-facet
Rasch measurement is well established as the means to model rater severity and bias within performance
assessment (Uto & Ueno, 2020; Uto, 2021; Li, 2022), including in Indonesian rubric-based settings (Permana &
Widodo, 2022). The near-absence of inter-rater reliability is therefore not a minor omission but a threat to the
reproducibility of exactly the scores that matter most for the higher-order strands.

3.10. Under-Examined Validity Evidence

Content validity was quantified in fewer than a fifth of studies, measurement invariance in fewer than a
sixth, and responsiveness in none. These gaps matter for both inference and equity. Quantified content validity
through expert-agreement indices such as Aiken’s V or the index of item-objective congruence is the first link in
a defensible validity argument (Beck, 2020; Kaldaras et al, 2024), and its scarcity means many claims of
“measuring proficiency” rest on face validity alone. Measurement invariance is the precondition for any cross-
group comparison; its fragility was demonstrated directly when weak invariance failed across two national
versions of a school-entry instrument (Vidmar et al., 2017). Contemporary methodological work cautions that
invariance is neither automatic nor a box to be ticked (Robitzsch & Liidtke, 2023) and that multigroup and
alignment approaches are required to test it properly (Immekus, 2021; Ding et al,, 2022). Read against the
COSMIN framework (Gagnier et al., 2021; Mokkink et al., 2020, 2024), the corpus exhibits a steep evidentiary
gradient strong on internal structure, thin on the properties that secure comparability and sensitivity to change.

3.11. Digital Delivery and Implications for Practice

Digital, computer-adaptive, and telephone-based formats are entering primary mathematics assessment,
and our findings indicate that they preserve psychometric quality only when the underlying item design and
measurement model are sound consistent with advances in computerized adaptive testing built on cognitive
diagnosis (Junpeng et al.,, 2020; Zhang et al,, 2025) and with cautions about validity in technology- and Al-
mediated assessment (Kasneci et al., 2023; Getenet, 2024).

These findings translate into a concrete blueprint for developing proficiency instruments (Figure 4):
specify the four strands with at least three to four theory-aligned items each and context-based testlets; score
strategic competence and adaptive reasoning with analytic rubrics applied by at least two independent raters;
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analyse with Rasch, partial-credit, or many-facet models within a bifactor or higher-order structure; and
assemble a full validity argument that begins with quantified content validity and extends through inter-rater
reliability, invariance, and responsiveness. For the Indonesian context in particular where the Minimum
Competency Assessment has made numeracy a national priority (Purnomo etal.,, 2022; Hidayah etal., 2021) and
primary-level numeracy and higher-order thinking remain developmental concerns (Tanudjaya & Doorman,
2020; Rohmah etal,, 2022) such a blueprint offers a locally relevant route to instruments that are simultaneously
curriculum-aligned and psychometrically defensible. More broadly, the gradient documented here suggests a
field maturing from instrument creation toward instrument validation; closing the inter-rater, content-validity,
and invariance gaps is the decisive next step toward measures whose scores can be trusted, compared, and acted
upon.

3.12. Limitations

Several limitations temper these conclusions. The search was restricted to English-language articles in two
databases, and seven full texts could not be retrieved, so some relevant instruments particularly those reported
in national-language journals may be under-represented. The COSMIN apparatus was developed for patient-
reported outcomes and was adapted here for performance-based achievement tests; although we anchored its
use in the educational validity tradition, its criteria for “sufficient” structural validity translate imperfectly to
Rasch-scaled achievement data. Finally, the heterogeneity of constructs, instruments, and designs precluded
meta-analysis, so the synthesis is narrative and the property-coverage counts should be read asindicative rather
than definitive. These constraints notwithstanding, the convergent pattern across 40 studies strong structural
validity alongside weak score-consistency and comparability evidence is unlikely to be an artefact of selection.

4. Conclusion

Across 40 studies, the measurement of primary-school mathematical proficiency shows uneven strand
coverage conceptual understanding and procedural fluency dominate, strategic competence is less frequent, and
adaptive reasoning is rarest, with no single instrument convincingly separating all four strands and a steep
evidentiary gradient: structural validity, anchored in the Rasch and item-response-theory family, is a genuine
strength, whereas inter-rater reliability, quantified content validity, measurement invariance, and
responsiveness remain largely unexamined. Future instruments should therefore specify each strand with
several theory-aligned items and context-based testlets, score reasoning and problem-solving tasks with
analytic rubrics applied by at least two independent raters, model the interdependent strands with bifactor or
many-facet approaches, and build a full validity argument beginning with quantified content validity a blueprint
of direct relevance to assessment reform in contexts such as Indonesia, where numeracy is a national priority.
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